Here we study the defect mode in a wrinkled soft bilayer induced by a local geometrical defect introduced into the system. We show that the band gap of the studied composite system depends on the wrinkling-induced stress pattern and is not sensitive to the compression strain ε in the given loading range. However, the frequency of the defect mode apparently varies with ε. This interesting phenomenon enables us to widely tune the spatial extension of the defect mode from highly localized to completely extended by simply controlling the imposed external load. Our strategy to create a tunable defect mode in a soft layered composite is simple and straightforward and may find such broad applications as the development of advanced soft metamaterials and corresponding devices.
Introduction
Phononic crystals (PCs) [1] , with periodic microstructures that exhibit phononic band gaps, have found a wide variety of applications, including elastic wave guides [2, 3] , vibration control [4] , acoustic cloaking [5] and ultrasonic transducers [6] . An important and interesting feature of PCs is that when the periodicity of PCs is locally broken by some crystal defects, the properties of the band gaps are modified, thus leading to one or several vibration modes being localized within the defect [7, 8] . The intriguing properties of the defect modes, e.g., their spatial extension, have attracted considerable interest in past years [2, 3, [9] [10] [11] [12] .
The spatial extension of the defect mode relies on the position of its frequency in the band gap. The defect mode is localized when its frequency is located away from the cutoff frequency of the band gap, whereas it becomes more delocalized as its frequency approaches the cutoff frequency [13] . For common PCs, the frequencies of the defect modes usually depend on the crystal defect itself, e.g., the defect filling fraction in fluid-solid PCs [14] * Corresponding author. Fax: +86 10 62781284. E-mail address: caoyanping@tsinghua.edu.cn (Y. Cao). or the mass of the defect in a granular crystal [12] . Therefore, to modulate the spatial extension of the defect modes, one may need to modify the crystal defect. However, actively tuning the spatial extension of a defect mode is by no means trivial, because when the external stimuli, e.g., the mechanical loads [15] [16] [17] , temperature field [18] or magnetic field [19] are adopted to shift the band gaps of common PCs, they proportionally shift the frequencies of the defect modes as well [13] . To address this challenge, recently Lydon et al. [13] have introduced a resonant defect in a granular crystal and demonstrated that the spatial extension of the defect mode can be actively controlled [13] . In the granular crystal, the cutoff frequency of the band gap can be tuned by using compressive force [20] , whereas the frequency of the resonant defect is not sensitive to the external load. Therefore, the position of the frequency of the defect mode in the band gap can be actively tuned, consequently adjusting the spatial extension of the defect mode. Here we report a novel strategy for tuning the localization of the defect mode, based on the intriguing band structures of a wrinkled soft bilayer system [21] . In this study, distinct from the previous study [13] , the frequency of the defect mode can be tuned when changing the mechanical load, whereas the band gaps of the system are not sensitive to the load variation in the given loading range. 
Mechanics model
The system in the present study is a bilayer consisting of a stiff film and a soft substrate ( Fig. 1(a) ). Surface wrinkling may occur when the composite system is subjected to inplane compression. The wrinkling patterns in this type of system have found broad applications in functional surface patterning, the development of flexible electronics and the mechanical characterization of ultrathin films [22, 23] . Recent studies have demonstrated that they may serve as elastic metamaterials [21, 24, 25] . Both the film and the substrate are described with incompressible neo-Hooke models, with the initial shear moduli giving by µ f and µ s , respectively. The thicknesses of the film and substrate are t and h, respectively, and the mass densities are ρ f and ρ s . When the compression strain ε imposed on the system reaches the critical value of ε cr = 1
wrinkling occurs, and the wrinkling wavelength is given by [26] . For illustration, in the present study, h/λ = 1, µ f /µ s = 500 and µ s = 1 MPa. ρ f = ρ s = 1000 kg/m 3 . In this case, the critical strain ε cr = 8.25 × 10 −3 .
The deformed configuration of this structure is shown in Fig. 1(a) , in which the compression strain is taken as 0.10. According to the periodicity of the wrinkled structure, we take the representative volume element (RVE) as shown in Fig. 1(b) , and the band structure of the system is calculated by invoking Bloch wave-type boundary conditions (Supplementary information, Appendix A). The results in Fig. 1(b) show that a band gap exists in the frequency range of approximately 327-445 Hz. A previous study has revealed that the formation of the band gap results from the periodic stress patterns caused by surface wrinkling. The wrinkling patterns and, consequently, the band gaps can be tuned by modifying the interfacial/surface structures of the bilayer systems [21] . Fig. 1(c) shows that when increasing the overall compression strain ε from 0.01 to 0.15, the width and center frequency of the band gap vary slowly. In particular, the band gap is not sensitive to compression strains when the compression strain varies from 0.02 to 0.15. In fact, in (c) The strain distribution of the bilayer system at ε = 0.10. this strain range, the sinusoidal wrinkling mode is fairly stable, and therefore the band gap essentially does not change. This intriguing property of the band structure inspired us to utilize the load-insensitive band gap to fabricate the tunable defect mode. However, the periodicdoubling mode may occur when the overall compressive strain reaches a value of approximately 19% [27] , which may lead to a significant variation in the band gap [25] .
Tunable defect mode
A geometrical defect in the film, i.e., the thicker region of the film in Fig. 2(a) , is introduced as a crystal defect of the present soft metamaterial. The thickness and the length of the film in the thicker region are 2t and 0.5λ, respectively. To study the defect mode induced by the crystal defect, we consider the super cell in Fig. 2(a) . The total length of the super cell is 15λ, and the defect is located at the center of the super cell. When the overall compression strain imposed on the structure is beyond the critical value of 8.17 × 10 −3 , surface wrinkling occurs (Supplementary information, Appendix A). The deformed configuration with ε = 0.10 is shown in Fig. 2(b) . In the thin film region, sinusoidal wrinkling occurs, and the film undergoes bending, whereas the deformation mode of the thick film region (geometrical defect) is rotation rather than bending when the instability is triggered [21, 28] . The different deformation modes in the thick film region lead to the distinct stress distribution and therefore introduce the defect mode. The band structure of the super cell with the geometrical defect ( Fig. 2(c) ) is investigated using the Bloch wave theory (Supplementary information, Appendix A). Fig. 3 gives the band structure of the super cell. A comparison of Fig. 3 with Fig. 1(b) shows that the band gaps in the two cases are basically the same, whereas some new band curves emerge in Fig. 3 which rely on the selection of the super cell, i.e., the number of the unit cells in a super cell. This phenomenon is similar to the 'fictitious modes' addressed by Minagawa and Nemat-Nasser [29] and has been observed in other studies [8, 14, 30, 31] as well. Interestingly, a flat line exists in the band gap, which represents a defect mode. The frequency of this defect mode, denoted as f d , is approximately 416 Hz, which is far from the cutoff frequency of the band gap. Therefore, the defect mode is localized. It should be pointed out that both the defect mode and the band gap are basically not affected by selection of the super cell.
We then proceed to study the tunability of the defect mode by evaluating the frequency of the defect mode f d at different compression strains. Fig. 4(a) clearly shows that when ε varies from 0.015 to 0.15, the frequency of the defect mode continuously increases from the lower boundary to the upper boundary of the band gap. This interesting finding indicates that the frequency of the defect mode can be continuously tuned by varying the compression strain. The physics underpinning the above phenomenon may be explained as follows. The stiffness of a hyperelastic soft material increases with increasing compression strain, thus leading to an increase in the vibration frequency in the defect. Moreover, in a bilayer system, it has been recognized that the band gap in the low frequency range highly relies on the stress pattern rather than on the amplitude of the stress [21] . Therefore, when the compression strain varies from 0.01 to 0.15, the stable sinusoidal wrinkling pattern leads to a load-insensitive band gap. In this case, the relative position between f d and the cutoff frequency of the band gap varies with ε, which determines the spatial extension of the defect mode.
The displacement fields of the defect modes corresponding to three different compression strains are presented in Fig. 4(b)-(d) . In each figure, the displacements along the surface of the structure are also plotted. f d is located at the center of the band gap when ε ≈ 0.07; it can be seen that in this case, the displacement is highly localized at the defect. However, with increasing or decreasing compression strain, the defect mode becomes more delocalized. In particular, when the compression strain increases to 0.14, the profile of the mode is completely extended. Therefore, by controlling the overall compression strain, the spatial extension can be actively tuned in our system. It has been demonstrated that the band gaps depend on the thickness of the substrate in a soft bilayer system because the wrinkling induced stress pattern, which is the key for the formation of band gaps, decays from surface to the interior of the substrate [21] . Thereby, a substrate with its thickness comparable to the wrinkling wavelength is suggested to be used in our system. In addition, according to our previous study [21] , the band structure of the wrinkled bilayer system is not very sensitive to the hyperelasticity of the substrate. In this sense, our method to tune the spatial extension of the defect mode can be applied to other types of hyperelastic materials, e.g., those described with the Arruda-Boyce model.
Conclusion
In this letter, we study the tunability of the defect mode in a wrinkled soft bilayer system, which may serve as a soft PC. The band gap of the composite system under study depends on the wrinkling-induced stress pattern and is not sensitive to the compression strain ε in the given loading range. However, the frequency of the defect mode apparently varies with ε. This interesting phenomenon enables us to actively tune the spatial extension of the defect mode by simply controlling the imposed compressive strain. The present study provides new insights into the tunability of the defect mode in soft metamaterials. Although the underlying mechanism is entirely different, this study shares a merit with a previous study [13] , i.e., the defect mode profile in the system can be actively tuned without changing the defect itself. Moreover, our method for introducing the defect mode into a soft layered composite is simple and straightforward; therefore, it may find broad applications, e.g., the development of advanced soft metamaterials and corresponding devices.
